Spin transport in an electrically-driven magnon gas near Bose-Einstein
  condensation: Hartree-Fock-Keldysh theory by Takei, So
Spin transport in an electrically-driven magnon gas near Bose-Einstein condensation:
a Hartree-Fock-Keldysh theory
So Takei∗
Department of Physics, Queens College of the City University of New York, Queens, NY 11367, USA and
Physics Doctoral Program, Graduate Center of the City University of New York, New York, NY 10016, USA
(Dated: July 3, 2019)
An easy-plane ferromagnetic insulator in a uniform external magnetic field and in contact with a phonon bath
and a normal metal bath is studied theoretically in the presence of dc spin current injection via spin Hall effect
in the metal. The Keldysh path integral formalism is used to model the magnon gas driven into nonequilib-
rium steady state by mismatched bath temperatures and/or electrical spin injection, and we analyze the magnon
system in the normal (uncondensed) state, but close to field- and electrically-driven instability to Bose-Einstein
condensation (BEC), within the self-consistent Hartree-Fock approximation. We show that the BEC instability
in the electrically-driven magnon system is signaled by a sign change in the imaginary part of the poles for long-
wavelength magnon modes and by the divergence of the nonequilibrium magnon distribution function. In the
presence of two bath temperatures, we find that the correlation length of the superfluid order parameter fluctua-
tions exhibits nontrivial finite temperature crossover behavior that is richer than the standard crossover behavior
obtained for the vacuum-superfluid transition in an equilibrium dilute Bose gas. We study the consequences
of these thermal crossovers on the magnon spin conductivity and obtain an inverse square-root divergence in
the spin conductivity in the vicinity of the electrically-induced BEC instability. A spintronics device capable of
testing our spin transport predictions is discussed.
I. INTRODUCTION
Magnetically-ordered insulators provide an attractive arena
to study nonequilibrium Bose-Einstein condensation (BEC)
of magnons in a dissipative solid state environment.1,2 Un-
like BECs in ultra-cold atomic systems and superconductors,
quasiparticle BECs in solids typically require nonequilibrium
states in which the systems are externally pumped with suf-
ficient energy to compensate for the incessant quasiparticle
decay.3,4 An early spectroscopic evidence for room tempera-
ture magnon BEC was reported in a ferrimagnetic insulator yt-
trium iron garnet (YIG) driven by parametric pumping.5–7 Ac-
cording to the prevailing heuristic picture, the magnon BEC
forms during a transient stage after a sufficient number of hot
incoherent magnons are injected into a narrow region of the
spectrum and the pump is switched off.8,9 Magnons rapidly
thermalize to a quasi-equilibrium state via multi-magnon scat-
tering processes and condense before they ultimately decay
into the lattice.
An alternative pumping mechanism is dc electrical pump-
ing, which involves interfacing the magnetic insulator to a nor-
mal metal with strong spin-orbit coupling and utilizing spin
Hall effect in the metal for spin injection.10,11 In the presence
of exchange coupling between the two subsystems, magnon
injection (absorption) occurs via the annihilation (creation) of
spinful particle-hole excitations in the metal so that the metal
serves both as a spin injector and a dissipative environment.
Here, the threshold injection strength necessary for magnon
condensation can be attained by increasing the electrical cur-
rent inside the normal metal. An interesting aspect of this pro-
posal is the possibility to realize a magnon BEC in a nonequi-
librium steady state, a flow-equilibrium state in which spin
lost into the dissipative environment is precisely compensated
by spin injection from the metal.10,11
Motivated by this proposal, a recent experiment achieved
BEC criticality via electrical spin injection in a bilayer sys-
tem consisting of YIG and heavy-element metal platinum
(Pt). The experiment reported a significant increase in the
two-terminal dc magnon spin conductivity above the critical
magnon density and a compelling evidence for dissipationless
spin transport mediated by a magnon condensate.12 This ex-
citing development calls for a detailed study of spin transport
through magnon gases in the vicinity of the BEC transition
and in the simultaneous presence of dissipation and electrical
pumping.
On a broader note, quasiparticle BECs in driven-dissipative
steady states have been studied extensively in the con-
text of photons13, excitons in coupled quantum Hall
bilayers14 and exciton-polaritons in light-driven semiconduc-
tor heterostructures15. In the context of exciton-polariton sys-
tems, the Keldysh path integral formalism has proved use-
ful for systematically analyzing the effects of the external
pump and dissipation in the self-consistent mean-field de-
scription of the coherent state and of the fluctuations be-
yond the mean-field limit.16 This powerful theoretical machin-
ery is beginning to be applied to the nonequilibrium magnon
BEC phenomenon17 and could be useful in rigorously ad-
dressing the properties of a magnon gas tuned close to the
BEC transition in a driven-dissipative environment. This ap-
proach should not only elucidate the combined effects of
dissipation and nonequilibrium drive on the BEC instabil-
ity criteria but also on the finite temperature crossover be-
haviors and spin transport properties of near-critical magnon
gases. Furthermore, the BEC transition of ferromagnetic ex-
change magnons belongs to the same universality class as
the vacuum-superfluid phase transition in dilute Bose gases
in thermal equilibrium.18 The rigorous theoretical formulation
of nonequilibrium magnon BEC should then set the stage for
studying how departures from thermal equilibrium and par-
ticle/energy conservation modify the behavior of Bose gases
near this well-known phase transition.
In this work, we formulate a Keldysh path integral the-
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⌘i
<latexit sha1_base64="Hub0LsgaepXJlLFEYmMuDnFkAO4=">AAAWXHicjVjbbttGEGXatE2dpk1axC99 ISpESF8Mybm/FLFjw2ruiWzHiGgYS3IpMl5evLuSLSv8ib62P9aXfktnSeo2Q6kVIIqac/ZwdnZmuKSbiUjpVuvvK198efWrr7+59u3a9e9ufP/DzVs/Hqp0ID1+4KUilUcuU1xECT/QkRb8KJOcxa7gH9zTZwb/MORSRWm yr0cZP45ZP4mCyGMaTEcO1+zEcaOTm43WRqv42PSkXZ00rOrz9uTW7d8cP/UGMU+0J5hSvXYr08djJnXkCZ6vOQPFM+adsj7vwWnCYq6Ox4XDuX0HLL4dpBK+ibYL6/yIMYuVGsUuMGOmQ4UxY6zFjEWqQOXEqtNUIHPAR0 mcIVd18Ph4HCXZQPPEKz0NBsLWqW3CZ/uR5J4WIzhhnoxgsrYXMsk8DUFeW7uz39m1u5037/efHex31+7sSc5PbSaykLlcrzkJP/fSOGaJP3aYyM0BoHwRcHluDhrb+2DuM/iD7L7h+1yQAcbOMxWJNEHIJSCX9AqhGUCsO oxyc6RIlObmQOynLDeHLMOAMICA9PQx8tIgL+uQ2Fw9HiBrAsYEGzMwZhEySuOkDFNkVmBVUZ9EcwT2QW3QAqMeYvkLsHrEeg7WNOZ9rP4B7G9q7DtmrXZq1nAP7HvVoks+j3QB6dZMYGeJkjYR1gzHbBesRxFRN2GAKOSQ 06Z8OBygaQi7IigUeN/QTfFDVmOIy7y3eQzxgzKZsuxGO5/7s5mTpJ4f5Rd0v4Yn00Hi5702MAUP9F0g2o6M+qH+lcxJnQ2Y5DNyb0Y+RrLeQIrRjOmMG+2S6GAHmKtmvM8zxc9Ycci9ckaFy6bC+1ECDVMyiDW0GjPSgRn aDge4tOOLGRGd9+4tVQE3ncYmfO/9hwo4/fD/qDiN+/B9AN+HKxQhO/Le/ckaIDmj1yzlmqA2U5mtE9ICsSfLnJvINUvnmo0HTXDNaTxqNh43G09WOClXr8DEzdUCQTnPJa7NfFucad0KrFLCK7Dap1Vr6WGvqoAtV2RJfy 7xBfwVfJbWjiwMuFrrBiGBhfGrxFzJ6hyoL6tTrhfLb5VyKlhWZkCtdGHdKEpwhQjkJxdlDdaqFOMrb+6tVHL5WT5ZLw69yWzJ8GrwgmNWaxlje0ElqRYVNfk5lXqGG4upSjwQ2mwoiS8Fx6hMGJukH7ucTXWYiPp0QgmrR GphV2XT8Qp2wJqMLwhmfC3sp+dma2B+YJ7pOYIHWXF7n0CL9wfTHyBJYL9cLFrdeDHjmCWuoyTF1iRNBrEL9zBUra65B0fC53UbPL0zRetu4J7yzAYtdtOLcXGOdzR8hhfnpK7yMRxT4Zu9dSpsSRivEOMVYXQXGeMu6R+u UgUnsBWBMqSfkdU126mQ6QXWBU3WgUJKZod4onBAS2IZU8qnA/io5vKkVvhlDeuSOBkhFyPC+IQYnwjjOWI8J4whYgxpsBAjJoxTxDilDIbjDRZMOkOcM8LYQowtwthFjF3CCBGD5vk7xHhHGNuIsU0YLmK4NM0LV83mGPb F411SB+FemSX2HgbgsWOSQOUTCBB2ODxGS/4K5N5kXDKdStjem4YwucLOUpqGwt6Xy1AFTXZsDktweJIFd3bMEfXKYb5Q6uR+oPbm3NsjaKdClSfHHYJuzaEkDdThHHpIdk+duesS5bBTBZcgbmdxQnRotxraJYjbpTVf0/ xCV9XwFG2SQYAaaUC1suLBuxAbMmn+YZWLxQnRRpksEujtdrRIIL0uNA+BlRPmFMOHFUgWKUwqhFwzfF0hrzEyNE/BMNX6lxYu6vl1YdWoT5VPvLRpckybuyrx96Dy94AgzyuEtOWQVQjpkmHx3qeIZ/nyh2RQBZOOE25XC O1Wl7x4yzE3oRYZ/b4a/Z4gWxVCyjD8WCEfMaK709sqqRU93eTQObhMFinJZE0uMhlUmFOT7PrFVPYFwYqglqB5sYbhZIaabReGo3CKk7uJnjaF2Xxx2gb5tELRbjQoHk6gZZlXnGPJ/fxpow3j105uNtr4/So9OdzcaLc2 2u/uN57+Xr17vWb9bP1i3bXa1iPrqdWx3loHlmcJ6w/rT+uv2/+sX12/vn6jpH5xpRrzk7XwWV//F+XKqVo=</latexit><latexit sha1_base64="Hub0LsgaepXJlLFEYmMuDnFkAO4=">AAAWXHicjVjbbttGEGXatE2dpk1axC99 ISpESF8Mybm/FLFjw2ruiWzHiGgYS3IpMl5evLuSLSv8ib62P9aXfktnSeo2Q6kVIIqac/ZwdnZmuKSbiUjpVuvvK198efWrr7+59u3a9e9ufP/DzVs/Hqp0ID1+4KUilUcuU1xECT/QkRb8KJOcxa7gH9zTZwb/MORSRWm yr0cZP45ZP4mCyGMaTEcO1+zEcaOTm43WRqv42PSkXZ00rOrz9uTW7d8cP/UGMU+0J5hSvXYr08djJnXkCZ6vOQPFM+adsj7vwWnCYq6Ox4XDuX0HLL4dpBK+ibYL6/yIMYuVGsUuMGOmQ4UxY6zFjEWqQOXEqtNUIHPAR0 mcIVd18Ph4HCXZQPPEKz0NBsLWqW3CZ/uR5J4WIzhhnoxgsrYXMsk8DUFeW7uz39m1u5037/efHex31+7sSc5PbSaykLlcrzkJP/fSOGaJP3aYyM0BoHwRcHluDhrb+2DuM/iD7L7h+1yQAcbOMxWJNEHIJSCX9AqhGUCsO oxyc6RIlObmQOynLDeHLMOAMICA9PQx8tIgL+uQ2Fw9HiBrAsYEGzMwZhEySuOkDFNkVmBVUZ9EcwT2QW3QAqMeYvkLsHrEeg7WNOZ9rP4B7G9q7DtmrXZq1nAP7HvVoks+j3QB6dZMYGeJkjYR1gzHbBesRxFRN2GAKOSQ 06Z8OBygaQi7IigUeN/QTfFDVmOIy7y3eQzxgzKZsuxGO5/7s5mTpJ4f5Rd0v4Yn00Hi5702MAUP9F0g2o6M+qH+lcxJnQ2Y5DNyb0Y+RrLeQIrRjOmMG+2S6GAHmKtmvM8zxc9Ycci9ckaFy6bC+1ECDVMyiDW0GjPSgRn aDge4tOOLGRGd9+4tVQE3ncYmfO/9hwo4/fD/qDiN+/B9AN+HKxQhO/Le/ckaIDmj1yzlmqA2U5mtE9ICsSfLnJvINUvnmo0HTXDNaTxqNh43G09WOClXr8DEzdUCQTnPJa7NfFucad0KrFLCK7Dap1Vr6WGvqoAtV2RJfy 7xBfwVfJbWjiwMuFrrBiGBhfGrxFzJ6hyoL6tTrhfLb5VyKlhWZkCtdGHdKEpwhQjkJxdlDdaqFOMrb+6tVHL5WT5ZLw69yWzJ8GrwgmNWaxlje0ElqRYVNfk5lXqGG4upSjwQ2mwoiS8Fx6hMGJukH7ucTXWYiPp0QgmrR GphV2XT8Qp2wJqMLwhmfC3sp+dma2B+YJ7pOYIHWXF7n0CL9wfTHyBJYL9cLFrdeDHjmCWuoyTF1iRNBrEL9zBUra65B0fC53UbPL0zRetu4J7yzAYtdtOLcXGOdzR8hhfnpK7yMRxT4Zu9dSpsSRivEOMVYXQXGeMu6R+u UgUnsBWBMqSfkdU126mQ6QXWBU3WgUJKZod4onBAS2IZU8qnA/io5vKkVvhlDeuSOBkhFyPC+IQYnwjjOWI8J4whYgxpsBAjJoxTxDilDIbjDRZMOkOcM8LYQowtwthFjF3CCBGD5vk7xHhHGNuIsU0YLmK4NM0LV83mGPb F411SB+FemSX2HgbgsWOSQOUTCBB2ODxGS/4K5N5kXDKdStjem4YwucLOUpqGwt6Xy1AFTXZsDktweJIFd3bMEfXKYb5Q6uR+oPbm3NsjaKdClSfHHYJuzaEkDdThHHpIdk+duesS5bBTBZcgbmdxQnRotxraJYjbpTVf0/ xCV9XwFG2SQYAaaUC1suLBuxAbMmn+YZWLxQnRRpksEujtdrRIIL0uNA+BlRPmFMOHFUgWKUwqhFwzfF0hrzEyNE/BMNX6lxYu6vl1YdWoT5VPvLRpckybuyrx96Dy94AgzyuEtOWQVQjpkmHx3qeIZ/nyh2RQBZOOE25XC O1Wl7x4yzE3oRYZ/b4a/Z4gWxVCyjD8WCEfMaK709sqqRU93eTQObhMFinJZE0uMhlUmFOT7PrFVPYFwYqglqB5sYbhZIaabReGo3CKk7uJnjaF2Xxx2gb5tELRbjQoHk6gZZlXnGPJ/fxpow3j105uNtr4/So9OdzcaLc2 2u/uN57+Xr17vWb9bP1i3bXa1iPrqdWx3loHlmcJ6w/rT+uv2/+sX12/vn6jpH5xpRrzk7XwWV//F+XKqVo=</latexit><latexit sha1_base64="Hub0LsgaepXJlLFEYmMuDnFkAO4=">AAAWXHicjVjbbttGEGXatE2dpk1axC99 ISpESF8Mybm/FLFjw2ruiWzHiGgYS3IpMl5evLuSLSv8ib62P9aXfktnSeo2Q6kVIIqac/ZwdnZmuKSbiUjpVuvvK198efWrr7+59u3a9e9ufP/DzVs/Hqp0ID1+4KUilUcuU1xECT/QkRb8KJOcxa7gH9zTZwb/MORSRWm yr0cZP45ZP4mCyGMaTEcO1+zEcaOTm43WRqv42PSkXZ00rOrz9uTW7d8cP/UGMU+0J5hSvXYr08djJnXkCZ6vOQPFM+adsj7vwWnCYq6Ox4XDuX0HLL4dpBK+ibYL6/yIMYuVGsUuMGOmQ4UxY6zFjEWqQOXEqtNUIHPAR0 mcIVd18Ph4HCXZQPPEKz0NBsLWqW3CZ/uR5J4WIzhhnoxgsrYXMsk8DUFeW7uz39m1u5037/efHex31+7sSc5PbSaykLlcrzkJP/fSOGaJP3aYyM0BoHwRcHluDhrb+2DuM/iD7L7h+1yQAcbOMxWJNEHIJSCX9AqhGUCsO oxyc6RIlObmQOynLDeHLMOAMICA9PQx8tIgL+uQ2Fw9HiBrAsYEGzMwZhEySuOkDFNkVmBVUZ9EcwT2QW3QAqMeYvkLsHrEeg7WNOZ9rP4B7G9q7DtmrXZq1nAP7HvVoks+j3QB6dZMYGeJkjYR1gzHbBesRxFRN2GAKOSQ 06Z8OBygaQi7IigUeN/QTfFDVmOIy7y3eQzxgzKZsuxGO5/7s5mTpJ4f5Rd0v4Yn00Hi5702MAUP9F0g2o6M+qH+lcxJnQ2Y5DNyb0Y+RrLeQIrRjOmMG+2S6GAHmKtmvM8zxc9Ycci9ckaFy6bC+1ECDVMyiDW0GjPSgRn aDge4tOOLGRGd9+4tVQE3ncYmfO/9hwo4/fD/qDiN+/B9AN+HKxQhO/Le/ckaIDmj1yzlmqA2U5mtE9ICsSfLnJvINUvnmo0HTXDNaTxqNh43G09WOClXr8DEzdUCQTnPJa7NfFucad0KrFLCK7Dap1Vr6WGvqoAtV2RJfy 7xBfwVfJbWjiwMuFrrBiGBhfGrxFzJ6hyoL6tTrhfLb5VyKlhWZkCtdGHdKEpwhQjkJxdlDdaqFOMrb+6tVHL5WT5ZLw69yWzJ8GrwgmNWaxlje0ElqRYVNfk5lXqGG4upSjwQ2mwoiS8Fx6hMGJukH7ucTXWYiPp0QgmrR GphV2XT8Qp2wJqMLwhmfC3sp+dma2B+YJ7pOYIHWXF7n0CL9wfTHyBJYL9cLFrdeDHjmCWuoyTF1iRNBrEL9zBUra65B0fC53UbPL0zRetu4J7yzAYtdtOLcXGOdzR8hhfnpK7yMRxT4Zu9dSpsSRivEOMVYXQXGeMu6R+u UgUnsBWBMqSfkdU126mQ6QXWBU3WgUJKZod4onBAS2IZU8qnA/io5vKkVvhlDeuSOBkhFyPC+IQYnwjjOWI8J4whYgxpsBAjJoxTxDilDIbjDRZMOkOcM8LYQowtwthFjF3CCBGD5vk7xHhHGNuIsU0YLmK4NM0LV83mGPb F411SB+FemSX2HgbgsWOSQOUTCBB2ODxGS/4K5N5kXDKdStjem4YwucLOUpqGwt6Xy1AFTXZsDktweJIFd3bMEfXKYb5Q6uR+oPbm3NsjaKdClSfHHYJuzaEkDdThHHpIdk+duesS5bBTBZcgbmdxQnRotxraJYjbpTVf0/ xCV9XwFG2SQYAaaUC1suLBuxAbMmn+YZWLxQnRRpksEujtdrRIIL0uNA+BlRPmFMOHFUgWKUwqhFwzfF0hrzEyNE/BMNX6lxYu6vl1YdWoT5VPvLRpckybuyrx96Dy94AgzyuEtOWQVQjpkmHx3qeIZ/nyh2RQBZOOE25XC O1Wl7x4yzE3oRYZ/b4a/Z4gWxVCyjD8WCEfMaK709sqqRU93eTQObhMFinJZE0uMhlUmFOT7PrFVPYFwYqglqB5sYbhZIaabReGo3CKk7uJnjaF2Xxx2gb5tELRbjQoHk6gZZlXnGPJ/fxpow3j105uNtr4/So9OdzcaLc2 2u/uN57+Xr17vWb9bP1i3bXa1iPrqdWx3loHlmcJ6w/rT+uv2/+sX12/vn6jpH5xpRrzk7XwWV//F+XKqVo=</latexit><latexit sha1_base64="Hub0LsgaepXJlLFEYmMuDnFkAO4=">AAAWXHicjVjbbttGEGXatE2dpk1axC99 ISpESF8Mybm/FLFjw2ruiWzHiGgYS3IpMl5evLuSLSv8ib62P9aXfktnSeo2Q6kVIIqac/ZwdnZmuKSbiUjpVuvvK198efWrr7+59u3a9e9ufP/DzVs/Hqp0ID1+4KUilUcuU1xECT/QkRb8KJOcxa7gH9zTZwb/MORSRWm yr0cZP45ZP4mCyGMaTEcO1+zEcaOTm43WRqv42PSkXZ00rOrz9uTW7d8cP/UGMU+0J5hSvXYr08djJnXkCZ6vOQPFM+adsj7vwWnCYq6Ox4XDuX0HLL4dpBK+ibYL6/yIMYuVGsUuMGOmQ4UxY6zFjEWqQOXEqtNUIHPAR0 mcIVd18Ph4HCXZQPPEKz0NBsLWqW3CZ/uR5J4WIzhhnoxgsrYXMsk8DUFeW7uz39m1u5037/efHex31+7sSc5PbSaykLlcrzkJP/fSOGaJP3aYyM0BoHwRcHluDhrb+2DuM/iD7L7h+1yQAcbOMxWJNEHIJSCX9AqhGUCsO oxyc6RIlObmQOynLDeHLMOAMICA9PQx8tIgL+uQ2Fw9HiBrAsYEGzMwZhEySuOkDFNkVmBVUZ9EcwT2QW3QAqMeYvkLsHrEeg7WNOZ9rP4B7G9q7DtmrXZq1nAP7HvVoks+j3QB6dZMYGeJkjYR1gzHbBesRxFRN2GAKOSQ 06Z8OBygaQi7IigUeN/QTfFDVmOIy7y3eQzxgzKZsuxGO5/7s5mTpJ4f5Rd0v4Yn00Hi5702MAUP9F0g2o6M+qH+lcxJnQ2Y5DNyb0Y+RrLeQIrRjOmMG+2S6GAHmKtmvM8zxc9Ycci9ckaFy6bC+1ECDVMyiDW0GjPSgRn aDge4tOOLGRGd9+4tVQE3ncYmfO/9hwo4/fD/qDiN+/B9AN+HKxQhO/Le/ckaIDmj1yzlmqA2U5mtE9ICsSfLnJvINUvnmo0HTXDNaTxqNh43G09WOClXr8DEzdUCQTnPJa7NfFucad0KrFLCK7Dap1Vr6WGvqoAtV2RJfy 7xBfwVfJbWjiwMuFrrBiGBhfGrxFzJ6hyoL6tTrhfLb5VyKlhWZkCtdGHdKEpwhQjkJxdlDdaqFOMrb+6tVHL5WT5ZLw69yWzJ8GrwgmNWaxlje0ElqRYVNfk5lXqGG4upSjwQ2mwoiS8Fx6hMGJukH7ucTXWYiPp0QgmrR GphV2XT8Qp2wJqMLwhmfC3sp+dma2B+YJ7pOYIHWXF7n0CL9wfTHyBJYL9cLFrdeDHjmCWuoyTF1iRNBrEL9zBUra65B0fC53UbPL0zRetu4J7yzAYtdtOLcXGOdzR8hhfnpK7yMRxT4Zu9dSpsSRivEOMVYXQXGeMu6R+u UgUnsBWBMqSfkdU126mQ6QXWBU3WgUJKZod4onBAS2IZU8qnA/io5vKkVvhlDeuSOBkhFyPC+IQYnwjjOWI8J4whYgxpsBAjJoxTxDilDIbjDRZMOkOcM8LYQowtwthFjF3CCBGD5vk7xHhHGNuIsU0YLmK4NM0LV83mGPb F411SB+FemSX2HgbgsWOSQOUTCBB2ODxGS/4K5N5kXDKdStjem4YwucLOUpqGwt6Xy1AFTXZsDktweJIFd3bMEfXKYb5Q6uR+oPbm3NsjaKdClSfHHYJuzaEkDdThHHpIdk+duesS5bBTBZcgbmdxQnRotxraJYjbpTVf0/ xCV9XwFG2SQYAaaUC1suLBuxAbMmn+YZWLxQnRRpksEujtdrRIIL0uNA+BlRPmFMOHFUgWKUwqhFwzfF0hrzEyNE/BMNX6lxYu6vl1YdWoT5VPvLRpckybuyrx96Dy94AgzyuEtOWQVQjpkmHx3qeIZ/nyh2RQBZOOE25XC O1Wl7x4yzE3oRYZ/b4a/Z4gWxVCyjD8WCEfMaK709sqqRU93eTQObhMFinJZE0uMhlUmFOT7PrFVPYFwYqglqB5sYbhZIaabReGo3CKk7uJnjaF2Xxx2gb5tELRbjQoHk6gZZlXnGPJ/fxpow3j105uNtr4/So9OdzcaLc2 2u/uN57+Xr17vWb9bP1i3bXa1iPrqdWx3loHlmcJ6w/rT+uv2/+sX12/vn6jpH5xpRrzk7XwWV//F+XKqVo=</latexit>
i-th spin
i,↵
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FIG. 1. (Color online) Each atomic spin at site i of the ferromag-
netic insulator is coupled to its own phonon and metallic baths with
coupling strengths ηi and κi,α, respectively. The phonon bath is char-
acterized by excitations bi,α, where α labels the eigenmodes, and
the metallic bath is characterized by fermion excitations ψi,kσ with
wavevector k and spin σ. We assume the two baths are thermal-
ized at different temperatures TF and TB, and a nonequilibrium spin
accumulation µs in the metal allows for spin injection into the ferro-
magnet.
ory for a driven-dissipative easy-plane ferromagnetic insula-
tor coupled to a bosonic (phonon) bath and a metallic bath,
both of which introduces spin/energy loss (i.e., Gilbert damp-
ing) within the ferromagnet. A nonequilibrium spin accumu-
lation in the metal (generated, e.g., via spin Hall effect) also
allows for incoherent spin injection (dc electrical pumping)
into the magnet. Starting from a microscopic Keldysh ac-
tion consisting of the magnetic subsystem and the baths, the
reduced Keldysh action for the active magnons alone is ob-
tained by tracing out the bath degrees of freedom. Based on
the resulting effective magnon action, we focus exclusively on
the normal (uncondensed) phase near the BEC criticality for
various bath temperatures and electrical pumping strengths,
and account for the quartic magnon-magnon interaction term
within the self-consistent Hartree-Fock approximation.
We find that the steady state magnon distribution function,
for mismatched bath temperatures and/or electrical pumping,
generally has a non-thermal form that cannot be described by
a single effective chemical potential and effective temperature
but is given by a nontrivial weighted superposition of the bath
distribution functions. We also quantify the shift in the posi-
tion of the BEC critical line as a function of bath temperatures
and electrical pumping, and find that the correlation length
of the superfluid critical fluctuations possesses crossover be-
haviors with respect to finite bath temperatures that are richer
than those predicted for equilibrium dilute Bose gases near
BEC criticality.18
In the latter part of the work, we shift our focus to spin
transport and compute the magnon spin conductivity for the
magnon gas using the Kubo formalism and within the Hartree-
Fock approximation. We first investigate how the above-
mentioned finite temperature crossover behaviors in the cor-
relation length are reflected in spin transport. Specifically, for
zero electrical pumping, we find that the spin conductivity tra-
verses through three different thermal regimes, each with a
distinct temperature dependence, as the bath temperatures are
increased from absolute zero. For finite pumping, we find an
inverse square-root divergence of the spin conductivity as the
dc electrical pumping strength approaches the threshold value
for BEC instability. Motivated by the recent spin transport
experiment on magnon gases close to the electrically-driven
BEC instability,12 we discuss how our spin transport predic-
tions can be verified using a similar experimental setup.
The paper is organized as follows. In Sec. II, we intro-
duce the models for the magnetic system of interest and the
baths, and obtain an effective theory for the magnons alone
by tracing out all of the bath degrees of freedom using the
Keldysh functional integral formalism. In Sec. III, we de-
velop a self-consistent Hartree-Fock theory for the magnon
system, and study the BEC critical line and the finite tem-
perature crossover behavior. Spin conductivity is computed
in Sec. IV, and a discussion on how the conductivity can be
verified in a two-terminal spin transport setup is presented in
Sec. V. Conclusions are drawn in Sec. VI.
II. MODEL AND THEORY
The system of interest consists of a 3-dimensional fer-
romagnetic insulator coupled to both bosonic and metallic
(fermionic) baths (see Fig. 1). The former is introduced to
explicitly model the intrinsic spin/energy loss (i.e., Gilbert
damping) within the ferromagnet, while the latter leads to
additional Gilbert damping due to the fermionic continuum.
A nonequilibrium spin accumulation µs in the metal (gener-
ated, e.g., via the spin Hall effect) also allows for incoher-
ent spin injection into the magnetic insulator. Since we fo-
cus on the impact of dissipation and nonequilibrium drive on
the magnetic subsystem, we consider a relatively simple, but
quite general, model Hamiltonian for an exchange ferromag-
net with an easy-plane magnetic anisotropy perpendicular to
the z axis and in a uniform magnetic field B along the same
axis. The Hamiltonian for the full system can then be written
as H = HF +
∑
iHi, where
HF =
1
2
∑
i j
[
−Ji jSi · S j + Ki jS ziS zj
]
+ ~γB
∑
i
S zi (1)
models the ferromagnet, and Hi (defined later) is a local
Hamiltonian describing the coupling of the atomic spin at
site i to the baths. Here, i, j label the sites of the lattice,
Ji j > 0 is the ferromagnetic exchange matrix, Ki j > 0 is the
anisotropy matrix, γ is the gyromagnetic ratio and S is the
saturated spin moment per lattice site. We assume throughout
that both Ji j and Ki j depend on the lattice positions Ri and R j
only through their difference, and that Ji j = J ji and Ki j = K ji.
Furthermore, for a spherically symmetric exchange constant
Ji j ∝ e−|Ri−R j |2/2ξ2J with a spatial range ξJ , we may approximate
its Fourier transform as Jq =
∑
j Ji je−ιq·(Ri−R j) = J0e−q
2ξ2J/2,
where J0 ≡ Jq=0. A similar result can be applied to a spher-
ically symmetric anisotropy constant Ki j with a spatial range
3of ξK , i.e., Kq ≈ K0e−q2ξ2K/2.
Following the standard boson mapping,19 Eq. (1) can be re-
expressed in terms of creation and annihilation operators for
magnons with wavevector q, a†q and aq, i.e.,
HF =
∑
q
(εq + µ0)a†qaq
+
1
N
∑
{qn}
Vq1q3a
†
q1a
†
q2aq3aq4δq1+q2,q3+q4 , (2)
where εq = S (J0 − Jq) ≈ (J0S ξ2J/2)q2, valid for q  ξ−1J , is
the magnon spectrum, µ0 = ~γB−S K0 is the bare magnon gap
(tunable using the external field), and N is the total number
of lattice sites in the ferromagnet. The 4-magnon vertex here
takes the form
Vq1q3 =
Kq1−q3 − Jq1−q3
2
+ λ(Jq1 + Jq3 ) ,
where λ = S (1 − √1 − 1/2S ).
We now define the spin-bath coupling. As shown in Fig. 1,
we assume that the atomic spin on each lattice site i couples to
its own independent bosonic and fermionic baths. The local
Hamiltonian may then be written asHi = H Bi +H
m
i , where
H Bi andH
m
i model the coupling to the bosonic and fermionic
baths, respectively. We write the bosonic contribution as
H Bi =
∑
α
~Ωαb
†
i,αbi,α + ~
∑
α
[
κi,αaib
†
i,α + h.c.
]
,
where bi,α is the annihilation operator for a boson in eigen-
mode α in the i-th bath, which couples to the magnon at the
site with strength κi,α. The second term describes the decay
of a magnon into the bath by transmuting into a superposi-
tion of bath boson modes. We assume that all of the bosonic
baths are identical and that they are held at the same temper-
ature TB so that the excitations occupy the states according to
the Bose-Einstein distribution, i.e., 〈b†i,αbi,α′〉 = nαδαα′ , where
nα = (e~Ωα/kBTB − 1)−1. We hereafter refer to the bosonic exci-
tations as phonons and TB as the phonon temperature. In the
absence of the metal (and, therefore, driving), the magnons
thermalize to the Bose-Einstein distribution of the phonons.
The metallic bath contribution to the local Hamiltonian can
be written as
H mi =
∑
k,σ
~νkψ
†
i,kσψi,kσ +
∑
k,k′
[
ηiψ
†
i,k↑ψi,k′↓ai + h.c.
]
,
where ψi,kσ annihilates a fermion in the i-th bath with
wavevector k and spin σ, ~νk = ~2k2/2m is the usual
quadratic spectrum with effective mass m, and ηi quantifies the
hybridization between the magnon and the fermions at site i.
We assume that all of the fermionic baths are identical and that
they are held a common temperature TF so that the excitations
occupy the states according to the Fermi-Dirac distribution
〈ψ†i,kσψi,k′σ′〉 = fkσδσσ′δkk′ , where fkσ = [e(~νk−µσ)/kBTF +1]−1.
Here, µσ is the spin-dependent chemical potential that models
the nonequilibrium spin accumulation µs inside the metal, i.e.,
µs = µ↑ − µ↓.
A. Keldysh path integral formulation
Long after the couplings to the baths and the dc electrical
pumping are turned on, the magnon system is expected to ap-
proach a steady state in which spin and energy injected by
the pumping process are precisely balanced by the spin and
energy lost through dissipation. In this nonequilibrium steady
state, the magnons should generally be characterized by a non-
thermal distribution function, level broadening, etc., and their
properties must be solved for in the presence of both drive and
decay. To this end, the Keldysh path integral formalism20 pro-
vides a systematic, straightforward way to trace out the bath
degrees of freedom and obtain a reduced field theory for the
magnons that takes the dissipative and nonequilibrium effects
of the baths into account.
Central to the Keldysh functional integral formalism is the
Keldysh action S, which is obtained by time-evolving the sys-
tem Lagrangian along the Schwinger-Keldysh time-loop con-
tour, i.e., from an initial state in the infinite past t = t0 = −∞
to the far future (i.e., t = ∞) and back to t0. To reduce the time
integrals to unidirectional ones, it is customary to double the
degrees of freedom at every point in time by defining separate
fields on the forward and the backward branches (labeled by
+ and −, respectively) of the time-loop contour. Following a
standard procedure, we formulate S in the RAK basis, where
all bosonic fields on the forward and backward branches, φ+q (t)
and φ−q (t), are rotated to the “classical-quantum (c-q)” basis,
φcq(t) and φ
q
q(t), and all fermionic fields on the contour, ψ+k(t)
and ψ−k(t), are rotated to the “1-2” basis, ψ
1
k(t) and ψ
2
k(t).
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In this basis, the causality structures of the bosonic (Dˆ) and
fermionic (Gˆ) Green functions become
Dˆ =
(
DK DR
DA 0
)
, Gˆ =
(
GR GK
0 GA
)
, (3)
where R, A,K label the usual retarded, advanced and Keldysh
components.
In the RAK basis, the Keldysh action for the magnon sub-
system [corresponding to Eq. (2)] is given by
SF =
∑
q
∫
dΩ
2pi
A†q(Ω)
(
DK0q(Ω) D
R
0q(Ω)
DA0q(Ω) 0
)−1
Aq(Ω)
− 1
N
∑
{qn}
∫ ∞
−∞
dt Vq1q3
[
ac∗q1 (t)a
c∗
q2 (t)a
c
q3 (t)a
q
q4 (t)
+ aq∗q1 (t)a
q∗
q2 (t)a
q
q3 (t)a
c
q4 (t) + c.c.
]
δq1+q2,q3+q4 , (4)
where A†q(Ω) = (ac∗q (Ω) a
q∗
q (Ω)) collects the classical
and quantum components of the magnon field, aq(t) =∫
(dΩ/2pi)aq(Ω)e−ιΩt, and the components of the unperturbed
magnon propagator matrix are given by
DR0q(Ω) =
1
Ω − (εq + µ0)/~ + ιδ = D
A∗
0q(Ω) ,
DK0q(Ω) = coth
(
~Ω
2kBT
)
[DR0q(Ω) − DA0q(Ω)] ,
4where T is the magnon temperature in the infinite past and
δ > 0 is the usual infinitesimal parameter.
The Keldysh action for the i-th phonon bath and its cou-
pling to the magnons at site i becomes
SBi =
∑
α
∫
dΩ
2pi
B†i,α(Ω)
(
dKα (Ω) d
R
α(Ω)
dAα (Ω) 0
)−1
Bi,α(Ω)
−
∑
α
∫
dΩ
2pi
[
κi,αB
†
i,α(Ω)τˆxAi(Ω) + h.c.
]
, (5)
where B†i,α(Ω) = (b
c∗
i,α(Ω) b
q∗
i,α(Ω)), once again, collects the
classical and quantum components of the bath field and the
bath Green functions read
dRα(Ω) =
1
Ω −Ωα + ιδ = d
A∗
α (Ω) ,
dKα (Ω) = −2piι coth
(
~Ω
2kBTB
)
δ(Ω −Ωα) ;
we use τˆx, τˆy and τˆz to denote Pauli matrices acting in Keldysh
space.
Finally, the Keldysh action describing the i-th metallic bath
and its coupling to the magnons is given by
Smi =
∑
k,σ
∫
dω
2pi
Ψ
†
i,kσ(ω)
(
gRkσ(ω) g
K
kσ(ω)
0 gAkσ(ω)
)−1
Ψi,kσ(ω)
− ηi√
2
∑
kk′
∫
dω
2pi
dω′
2pi
[
Ψ
†
i,k↑(ω)a
c
i (ω − ω′)Ψi,k↓(ω′)
+ Ψ
†
i,k↑(ω)a
q
i (ω − ω′)τˆxΨi,k↓(ω′) + h.c.
]
, (6)
where Ψ†i,kσ(ω) = (ψ
1∗
i,kσ(ω) ψ
2∗
i,kσ(ω)) collects the 1 and 2
components of the bath fermions, and the unperturbed bath
fermion propagators are given by
gRk(ω) =
1
ω − νk + ιδ = g
A∗
k (ω)
gKkσ(ω) = −2piι tanh
(
~ω − µσ
2kBTF
)
δ(ω − νk) .
The full Keldysh partition function can now be written as
Z =
∫ D{Aq(Ω), Bi,α(Ω),Ψi,kσ(ω)}
Tr{ρˆ0} e
ιSF+ι∑i(SBi +Smi ) ,
where ρˆ0 is the density matrix at t = t0.
B. Tracing out the baths
We now integrate out the bath degrees of freedom in or-
der to obtain an effective field theory for the active magnons.
The assumption here is that the baths are infinite, so that
they remain unperturbed from their equilibrium configura-
tion even in the presence of the (possibly strongly nonequi-
librium) magnon system. The effects of the infinite baths on
the magnon subsystem can then be fully taken into account by
performing a functional integral over the baths. If the phonon
baths are traced out, Eq. (5) is modified to
ιSBi → −ι
∫
dΩ
2pi
A†i (Ω)
(
0 ΣAi (Ω)
ΣRi (Ω) Σ
K
i (Ω)
)
Ai(Ω) ,
where ΣR,A,Ki (Ω) =
∑
α |κi,α|2dR,A,Kα (Ω) are the phonon-induced
magnon self-energies. The retarded component may be writ-
ten as
ΣRi (Ω) =
∫
dΩ′
2pi
2JBi (Ω
′)
Ω −Ω′ + ιδ , (7)
where JBi (Ω) = pi
∑
α |κi,α|2δ(Ω −Ωα) is the spectral density of
the i-th bath, and the Keldysh component reads
ΣKi (ω) = −2ιJBi (ω) coth
(
~ω
2kBTB
)
.
As Eq. (7) shows, the current formalism allows one to
consider any functional form for the phonon spectral density
JBi (Ω). Here, we proceed with an ohmic bath,
JBi (Ω) = α
B
i Ω
Ω2c
Ω2c + Ω
2 ,
where we have introduced a Drude cutoff function with cutoff
frequency Ωc and a site-dependent Gilbert damping parameter
αBi . In the low-frequency limit Ω  Ωc, Eq. (7) reduces to
ΣRi (Ω) = −αBi (Ωc + ιΩ) . (8)
We therefore see that an ohmic bosonic bath here leads to the
standard level broadening proportional to magnon frequency
and thus to the familiar Gilbert damping phenomenology. The
phonon baths here are sources of intrinsic Gilbert damping in
the current formalism.
Integrating out the metallic degrees of freedom is rela-
tively more complex compared to the bosonic case because the
fermions and the magnons couple nonlinearly [see Eq. (6)].
Therefore, once the integrals over Ψi,kσ(ω) are performed, the
fermionic bath corrections to the effective magnon action arise
at all even orders in ηi and renormalize the multi-magnon scat-
tering vertices as well. At the gaussian order, the correction
renormalizes the gaussian magnon action, i.e., the first term in
Eq. (4),
ιSm(2)i = −ι
∫
dΩ
2pi
A†i (Ω)
(
0 ΠAi (Ω)
ΠRi (Ω) Π
K
i (Ω)
)
Ai(Ω) ,
where the components of the fermion-induced magnon self-
energy matrix are given by
ΠRi (Ω) = −
ι|ηi|2
2
∑
kk′
∫
dω′
2pi
[
gRk(Ω + ω
′)gKk′↓(ω
′)
+ gKk↑(Ω + ω
′)gAk′ (ω
′)
]
= ΠA∗i (Ω)
ΠKi (Ω) = −
ι|ηi|2
2
∑
kk′
∫
dω′
2pi
[
gKk↑(Ω + ω
′)gKk′↓(ω
′)
+ gRk(Ω + ω
′)gAk′ (ω
′) + gAk(Ω + ω
′)gRk′ (ω
′)
]
.
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FIG. 2. Dyson equation for the full Green function in the self-
consistent Hartree-Fock theory. Thin lines denote the noninteracting
magnon propagator and heavy lines the full propagator. The dotted
lines correspond to the interaction vertex Vqq′ .
Performing the internal frequency integral, the self-energy
functions become
ΠRi (Ω) = −ιαFi (Ω − µs/~) (9)
ΠKi (Ω) = coth
(
~Ω − µs
2kBTF
) [
ΠRi (Ω) − ΠAi (Ω)
]
, (10)
where αFi = pi|ηi|2ρ20~2 is the Gilbert damping arising from the
metallic continuum and ρ0 is the bath fermion density of states
at the Fermi level.
The next order correction comes at fourth order in ηi and
renormalizes the quartic vertices in the magnon action [see
the last two lines in Eq. (4)]. As shown in Appendix A, the
fermionic bath not only generates corrections to the existing
quartic coefficients but also generates new quartic terms with
even powers of quantum fields aqq. However, the bath only
generates dissipative vertices — quartic terms with purely
imaginary coefficients — that are O[(αFi )2], and, within the
self-consistent Hartree-Fock approximation introduced below,
they are expected to give subleading corrections to the dissi-
pative effects already accounted for at the gaussian order [see
Eqs. (9) and (10)]. We therefore ignore these metal-induced
renormalizations of the quartic vertices in the remainder of the
work.21
III. SELF-CONSISTENT HARTREE-FOCK THEORY
We now discuss the properties of the driven, dissipative
magnon subsystem in the normal (uncondensed) phase and
discern the location of the BEC instability as a function of
various system parameters such as the external magnetic field
B and the bath temperatures TB and TF . This will be done by
generalizing the self-consistent Hartree-Fock approach, used
in equilibrium dilute imperfect Bose gases,22 to the current
nonequilibrium problem. For simplicity, we hereafter restrict
our discussion to uniform magnon-bath coupling amplitudes,
i.e., κi,α → κα and ηi → η, though lifting this assumption is
not expected to change the qualitative results presented below.
The Dyson equation for the full magnon Green function
within the self-consistent Hartree-Fock approximation is di-
agrammatically shown in Fig. 2, where each magnon propa-
gator has a Keldysh matrix structure consistent with Eq. (3).
Each thin line represents the gaussian magnon propagator ma-
trix [with components DR,A,Kq (Ω)] that fully accounts for the
nonequilibrium drive and dissipation. Its retarded component
can be easily read off from the reduced gaussian Keldysh ac-
tion,
DRq(Ω) =
1
Ω − (εq + µ0)/~ − ΣR(Ω) − ΠR(Ω) , (11)
where ΣR(Ω) = −ιαBΩ and ΠR(Ω) = −ιαF(Ω − µs/~), and
αB and αF can now be interpreted as the (spatially uniform)
Gilbert damping parameters arising from the phonon and
metallic baths, respectively. In Eq. (11), we have dropped the
constant real part in ΣR [see Eq. (8)] by absorbing it into the
bare magnon chemical potential µ0.
Similarly, the Keldysh component of the gaussian magnon
propagator can be read off as DKq (Ω) = [2N(Ω) + 1][D
R
q(Ω) −
DAq (Ω)], where
N(Ω) =
1
αΩ − αFµs/~
×
[
αBΩ
e~Ω/kBTB − 1 +
αF(Ω − µs/~)
e(~Ω−µs)/kBTF − 1
]
(12)
is the nonequilibrium magnon distribution function and α =
αB + αF is the total Gilbert damping parameter.
We see from Eq. (12) that the magnon distribution func-
tion, in general, has a nonthermal form in the presence of mis-
matched bath temperatures and/or electrical pumping. Even
at zero pumping (i.e., µs = 0), N(Ω) is given by a linear
combination of two Bose-Einstein distribution functions, one
corresponding to the phonons equilibrated at temperature TB
and the other corresponding to the spin-1 particle-hole exci-
tations in the metal equilibrated at temperature TF , and they
are weighted by the respective Gilbert damping parameters
associated with each of the baths. This has important conse-
quences on the finite temperature crossover behavior of the
magnon system near the BEC critical line, as we later show in
Sec. III C.
The steady-state non-thermal magnon distribution function
obtained here contrasts with similar past studies of electri-
cally pumped magnon BECs, in which magnons were as-
sumed to be internally thermalized to the Bose-Einstein distri-
bution function with a well-defined effective temperature and
a chemical potential.11,23
A. Self-consistent solution
Within the self-consistent theory, the components of the
Keldysh one-loop self-energy matrix are given by
Σ˜Rq = −
4
N
1
~
∑
q′
∫
dΩ
2pi
N(Ω)
(
Vqq′ + Vq′q′
)
ImDRq′ (Ω) = Σ˜Aq ,
where DRq(Ω) is the retarded component of the full self-
consistent magnon propagator, and we find Σ˜Kq = 0. This then
leads to a self-consistent magnon spectrum given by
ε˜q + µ = εq + µ0
− 4
N
∑
q′
∫
dΩ
2pi
N(Ω)
(
Vqq′ + Vq′q′
)
Im{DRq′ (Ω)} , (13)
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FIG. 3. (color online) Critical lines separating the BEC phase from
the normal phase at zero electrical pumping, µs = 0. The phase
diagram is spanned by the magnetic field B and phonon temperature
TB. The solid black line corresponds to the equilibrium, isolated
limit with TB = TF and α = 0. For α = 0.1, the dashed line obtains,
indicating that the BEC region is shrunk by dissipation. The red
(blue) line corresponds to the critical line with TF > TB (TB < TF);
here, we have chosen αB = αF .
where the full retarded magnon propagator above is defined
with the renormalized spectrum ε˜q and chemical pontential µ,
i.e.,
DRq(Ω) =
1
Ω − (ε˜q + µ)/~ + ιαΩ − ιαFµs/~ . (14)
The magnon spectral function, Aq(Ω) = −2ImDRq(Ω), is
strongly peaked at q ∼ [2(~Ω − µ)/J0S ξ2J]1/2. Therefore,
contributions to the integral coming from large wavevec-
tors q′ ∼ ξ−1J in Eq. (13) (assuming that the spatial range
of the exchange constant is on the order of a few lattice
constants) is exponentially suppressed by N(Ω) as long as
J0S/kBTB, J0S/kBTF  1, which is almost always true. The
last term in Eq. (13) can then be evaluated by setting q′ = 0.
Now, expanding Vq0 to quartic order in qξJ  1 and qξK  1,
the self-consistent equation becomes
ε˜q + µ = εq + µ0 + 2n[(K0 + J0(4λ − 1)]
− K0(qξK)
2 + J0(qξJ)2(2λ − 1)
2
n , (15)
where
n = − 2
N
∑
q′
∫
dΩ
2pi
N(Ω)Im{DRq′ (Ω)}
is the magnon number per lattice site. The second term on the
right hand side of Eq. (15) renormalizes the effective magnon
mass. However, this correction remains small in the dilute
magnon limit, i.e., n/S  1. We therefore ignore this correc-
tion as well and finally arrive at the self-consistent equation
for the magnon chemical potential (i.e., the magnon gap),
µ = µ0 + 2n[K0 + J0(4λ − 1)] . (16)
B. BEC critical line
We now construct a two-dimensional phase diagram for the
magnon system spanned by the phonon temperature TB and
external magnetic field B. We define the equilibrium limit as
TB = TF ≡ T and µs = 0, in which the magnons are thermal-
ized at temperature T and then study the departures from equi-
librium systematically by introducing TF , TB and µs > 0.
In the absence of spin accumulation in the metal, i.e.,
µs = 0, the BEC critical line [defined by µ = 0 in Eq. (16)]
translates to the following critical magnetic field
~γBc = S K0 − Γαc
[
αB
α
T 3/2B +
αF
α
T 3/2F
]
, (17)
where
c = [K0 + J0(4λ − 1)]vsζ3/2(1)√
2ξ3J
(
kB
piJ0S
)3/2
.
Here, ζ3/2(x) is the polylog function, vs is the volume occupied
by each atomic spin, and Γα = (1 + α2)1/4 cos[(tan−1 α)/2] is
a prefactor that arises due to dissipation. In the equilibrium
and isolated limits, i.e., TB = TF and α = 0, we have Γα = 1
and Eq. (17) reduces to the well-known BEC critical line for
a dilute Bose gas (see solid black line in Fig. 3).18,22 If we
then introduce Gilbert damping α > 0 (while still keeping
TF = TB), the critical line is modifed to the dashed line; we
find that dissipation, as expected, leads to the shrinking of the
BEC phase region.
The two colored lines give the critical lines for mismatched
bath temperatures, TF , TB, the red and blue lines corre-
sponding to TF > TB and TF < TB, respectively. We find that
raising (lowering) the fermion bath temperature above (below)
the phonon temperature generally destabilizes (stabilizes) the
BEC phase. In the absence of electrical pumping µs = 0, our
model therefore predicts that triggering a steady state magnon
BEC with a positive temperature difference between the metal
and the phonons (TF − TB > 0, i.e., magnon BEC via spin
Seebeck mechanism alone) is not possible.
The reason for this claim can be understood as follows. Our
theoretical analysis in Sec. II shows that once the phonon and
metallic baths are integrated out, magnon distribution function
Eq. (12) is no longer thermal with a well-defined temperture
and chemical potential, but is defined by the distribution func-
tions of both baths. The magnon distribution function there-
fore “floats” (i.e., adjusts) according to the thermal distribu-
tion functions of the surrounding baths. In this sense, it would
be reasonable to expect that realizing magnon BEC by heat-
ing the metal is impossible because that will always heat up
the magnon system and hinder condensation.
Electrically-pumped BEC of magnons in a setup very sim-
ilar to Fig. 1 was studied recently in Ref. 11 by assuming
that magnons remain internally thermalized with an effective
temperature and chemical potential. In the so-called “floating
temperature” regime, the work obtains the effective magnon
temperature by balancing the spin/energy transfer across the
metal-magnet interface and loss to the phonon bath. In this
regime, the work shows that raising (lowering) the metal tem-
7perature above (below) the phonon temperature tends to hin-
der (facilitate) magnon condensation, and therefore shows
some level of consistency with our findings.
C. Finite-temperature crossovers
The presence of two bath temperatures endows the current
system with a richer finite temperature crossover behavior
compared to the standard critical Bose gas in equilibrium.18
In this section, we still keep µs = 0 and study the effects of
the two bath temperatures in the vicinity of the TB = TF = 0
quantum critical point located at µ0 = 0. For weak dissipa-
tion, αB, αF  1, we find that the effects of the baths on the
magnon density of states ρm(Ω) are very weak, so we approx-
imate ρm with its expression in the isolated limit, i.e.,
ρm(Ω) = −1
~
∑
q
ImDRq(Ω) ≈
V
√
~Ω − µθ(~Ω − µ)√
2pi(J0S ξ2J)
3/2
,
where V is the volume of the ferromagnet. Then the self-
consistent condition for the magnon gap µ becomes [c.f.
Eq. (16)]
µ = µ0+
αB
α
[
ζ3/2(e−µ/kBTB)
ζ3/2(1)
]
cT 3/2B +
αF
α
[
ζ3/2(e−µ/kBTF )
ζ3/2(1)
]
cT 3/2F .
We note that cT 3/2B /kBTB  1 and cT 3/2F /kBTF  1 hold as
long as both bath temperatures are much less than the ex-
change scale, i.e., TB,TF  J0/kB, which is almost always
true. Then the magnon gap can be quite easily solved by it-
eration in nine different regimes as shown in Fig. 4. The gap
µ is also directly related to the correlation length ξ of the su-
perfluid order parameter fluctuations via ξ−2 ∝ µ, so Fig. 4
summarizes how the correlation length of the critical fluctu-
ations, which diverges right at the critical line, is cutoff by
departures from the critical line.
The familiar finite temperature crossover behavior of the
(inverse square of the) correlation length for an equilibrium
dilute Bose gas18 can essentially be reproduced by setting
αF = 0 in the current discussion and varying the phonon
temperature. The three regimes that arise in this case are en-
closed in the thick red box in Fig. 4. At low temperatures
TB  µ0/kB (shaded in blue), the correlation length is essen-
tially cutoff by the bare gap µ0 and its T -dependent corrections
are exponentially small. In this regime, the inter-particle spac-
ing between the magnons is much larger than the thermal de
Broglie wavelength and the the magnon density is exponen-
tially small. In the intermediate temperature regime µ0/kB 
TB  (µ0/c)2/3 (shaded in green), ξ−2 is still dominated by µ0,
however, the subleading correction now possesses a power-
law form in contrast to the exponential form obtained in the
low-temperature regime. In this regime, the magnon density
scales with temperature as T 3/2B and the inter-particle spac-
ing becomes of order the de Broglie wavelength. Finally, in
the high-temperature regime TB  (µ0/c)2/3 (shaded in red),
the correlation length is cutoff by temperature and one finds
ξ ∼ T−3/4B .
(α
μ 0
/α
F
c)
2/
3
μ 0
/k
B
(αμ0/αBc)
2/3μ0/kB
T
F
TB
µ0
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FIG. 4. (color online) Approximate expressions for the (inverse
square of the) correlation length ξ−2 for µs = 0. The columns sepa-
rate the low, intermediate and high temperature regimes with respect
to the phonon temperature, while the rows separate the three regimes
with respect to the metal temperature. The three finite-temperature
regimes familiar from the equilibrium dilute Bose gas are enclosed
by the thick red box.
If we now re-introduce the fermionic bath (i.e., αF > 0),
each of the three regimes mentioned above is further subdi-
vided into three sub-regimes depending on the magnitude of
the metal temperature TF (see Fig. 4): the bottom row cor-
responds to its low temperature regime with TF  µ0/kB,
the middle row to intermediate temperatures µ0/kB  TF 
(αµ0/αFc)2/3 and the top row to the high temperature regime
TF  (αµ0/αFc)2/3. We see that the corrections to the
magnon gap coming from TF are exponentially small in the
low temperature regime and so TF essentially does not enter
the expression for the correlation length (see the bottom row).
However, in analogy with TB, the metal temperature becomes
increasingly effective in cutting off the correlation length as
it increases, and once the high temperature regime is reached
(see the top row), the correlation length essentially becomes
defined by TF unless the phonon temperature TB is also in the
high temperature regime (i.e., the top right corner).
D. BEC instability due to electrical pumping
Let us now reinstate the electrical pumping µs. As one in-
creases the nonequilibrium spin accumulation µs from zero in
the normal phase, the instability of the magnon system is sig-
naled once the frequency µ/~ corresponding to the excitations
at the bottom of the band obeys Im{DR−1q (µ/~)} = 0, i.e.,
µcs =
(
1 +
αB
αF
)
µ . (18)
If µs is increased beyond this point, the imaginary parts of the
small-q poles become positive and fluctuations in the system
8grow in time, thus signaling an instability.24
Comparing Eq. (14) and Eq. (12), we see that the condi-
tion Eq. (18) signals a divergence in the magnon distribu-
tion function N(Ω). However, the nonequilibrium drive µs
has relatively little effect on the magnon gap µ as we now
show. We focus on the limit of equal bath temperatures, i.e.,
TB = TF ≡ T , for simplicity. In this case, the self-consistent
condition for the magnon gap Eq. (16) reduces to
µ = µ0 +
[
MB
(
µ
kBT
,
µs
kBT
)
+MF
(
µ
kBT
,
µs
kBT
) ]
cT 3/2 , (19)
where the two dimensionless functions are given by
MB(x, y) =
2αB
α
√
piζ3/2(1)
∫ ∞
0
ds
√
s
s + x − (αF/α)y
s + x
es+x − 1 ,
MF(x, y) =
2αF
α
√
piζ3/2(1)
∫ ∞
0
ds
√
s
s + x − (αF/α)y
s + x − y
es+x−y − 1 .
If we solve Eq. (19) self-consistently for µ, we find that the
electrical pumping µs only gives negligible corrections to the
magnon gap expressions already obtained in the µs = 0 limit
(c.f. Fig. 4). In particular, as long as T  (αµ0/αBc)2/3 and
T  (αµ0/αFc)2/3 (i.e., regimes I and II), the last two terms
in Eq. (19) remain small compared to the first term for all
µs, therefore, µ ≈ µ0 still holds in those regimes. At high
temperatures, i.e., T  (αµ0/αBc)2/3 or T  (αµ0/αFc)2/3,
we obtain µ ∼ T 3/2 since MB,F(0 ≤ x  1, 0 ≤ y  1) ≈
const. ∼ O(1).
IV. SPIN CONDUCTIVITY
Finite temperature crossover behavior exhibited by the
magnon gap (see Fig. 4) entails a corresponding crossover
behavior in the magnon spin conductivity. Here, we use
the Kubo formalism to compute the spin conductivity of this
magnon gas within the normal phase and the Hartree-Fock ap-
proximation as a function of the bath temperatures TB and TF
and the magnetic field µ0. We later investigate the effects of
finite electrical pumping µs > 0.
Spin conductivity can be obtained by looking at the re-
sponse of the magnons to an external magnetic field B(x, t);
here, we focus only on the spin current polarized along the z
axis, which is the conserved component. The relevant (time-
dependent) perturbation can then be written as
H′(t) = ~γ
∫
d3x B(x, t)a†(x)a(x) ,
where a(x) = ai/v1/2s is the continuum magnon field opera-
tor. Assuming that the magnetic field has a uniform gradient
only along the x axis, the resulting spin current J(x, t) flowing
along the same axis, within linear-response, reads25–27
J(x, t) = ~γ
∫
d3x′
∫
dt′χ(x − x′, t − t′)B(x′, t′) ,
where the susceptibility is defined as
χ(x − x′, t − t′) = − ι
~
θ(t − t′)〈[ j(x, t), %(x′, t′)]〉HF , (20)
%(x, t) = a†(x, t)a(x, t) is the magnon density operator and
j(x, t) = ι(J0S ξ2J/2)[∂xa
†(x)]a(x) + h.c. is the magnon spin
current operator. The spin conductivity σ is then defined as
the constant of proportionality between the negative gradi-
ent in the magnetic field and the spin current that flows in
response to it, i.e., Jq(ω) = σ(q, ω)(−ιqx)~γBq(ω), where
σ(q, ω) = (−ιqx)−1χ(q, ω). Within the Hartree-Fock approx-
imation and in the uniform limit, spin conductivity can then
be evaluated straightforwardly by first computing the suscep-
tibility Eq. (20), and we obtain
σ(q→ 0, ω) = − 1
V
 J0S ξ2J2~
2 P(ω) − P(0)
ω
,
where
P(ω) =
∫
dΩ
2pi
∑
k
(2kx)2
[
DRk(Ω + ω)D<k(Ω)
+D<k(Ω + ω)DAk(Ω)
]
,
and D<k(Ω) = −ιN(Ω)Ak(Ω) is the lesser Green function. Fi-
nally, taking the ω → 0 limit, the dc spin conductivity σ0 is
given by
σ0 = −23
 J0S ξ2J2~
2 ∫ dΩ2pi
∫
d3k
(2pi)3
∂ΩN(Ω)k2A2k(Ω) . (21)
A. Finite-temperature crossovers
Let us first fix µs = 0 and explore the behavior of the dc spin
conductivity in the various finite temperature regimes consid-
ered in Sec. III C. Both the phonon bath and the metal con-
tribute to the thermal population of magnons inside the ferro-
magnet. Therefore, the total spin conductivity contains two
contributions σ0 = (αB/α)σB + (αF/α)σF , where σB (σF)
is the contribution arising from the phonon (metallic) bath.
Once again, evaluating Eq. (21) in the limit of weak damping
αB, αF  1, σ0 can be well approximated by
σB,F ≈ 124pi2α
√
2kBTB,F
J0S ξ2J
S
(
µ
kBTB,F
)
,
where the function S(y) has the asymptotic behavior
S(y) ≈
 3
√
pi
4
e−y
y , y  1
3pi
2
1√
y , y  1
.
In the low temperature regime TB,TF  µ0/kB, each bath
generates very few thermal magnons in the ferromagnet and
the conductivity becomes exponentially suppressed. In this
limit, µ ≈ µ0 and we obtain
σB,F ≈
√
2
32αξJ
(
J0S
µ0
) (
kBTB,F
piJ0S
)3/2
e−µ0/kBTB,F . (22)
9TABLE I. Magnon spin conductivities in the various finite tempera-
ture regimes introduced in Fig. 4. Recall that µ0 = ~γB − S K0. See
Fig. 4 for the labeling convention of the various temperature regimes.
Regime σ0
I ∝ αB T
3/2
B
µ0
e−µ0/kBTB + αF
T3/2F
µ0
e−µ0/kBTF
II ∝ αB TB√µ0 + αF
TF√
µ0
IIB ∝ TB√
µ0
IIF ∝ TF√
µ0
III ∝ αBTB+αFTF√
αBT
3/2
B +αFT
3/2
F
IIIB1 & IIIB2 ∝ T 1/4B
IIIF1 & IIIF2 ∝ T 1/4F
When the bath temperatures are in the intermediate to high
temperature regimes TB,TF  µ0/kB, the dimensionless func-
tion S(y) crosses over to the other asymptotic regime, and we
obtain
σB,F ≈
√
2
16αξJ
√
J0S
µ
(
kBTB,F
piJ0S
)
,
where the expressions for µ are presented in Sec. III C. Based
on these results, we summarize the temperature and magnetic
field dependences of σ0 in Table I. The results in the table
hold for arbitrary αB and αF as long as they are of similar
order. The regime labels correspond to those introduced in
Fig. 4.
B. BEC instability due to electrical pumping
In the presence of electrical pumping and as µs approaches
the BEC instability point µcs [see Eq. (18)], we find that spin
conductivity diverges algebraically. The relevant exponent
can be found straightforwardly by evaluating Eq. (21) now
with µs , 0. Here, we fix the magnon gap (which is essen-
tially µs-independent as discussed in Sec. III D) to some finite
positive value µ > 0 and sweep µs toward µcs; we also assume
that the bath temperatures are also fixed and do not change as
electrical pumping is increased to the instability point. In the
limit of weak damping αB, αF  1, we find
σ0 ≈ 16pi2
√
2
J0S ξ2J
∫ ∞
µ/~
dΩ N(Ω)
∂
∂Ω
(~Ω − µ)3/2
α~Ω − αFµs ,
which, via power counting, we find to diverge as (µcs − µs)−1/2
as µs → µcs.
V. DISCUSSION
Spin conductivity predictions in Sec. IV can be experimen-
tally verified using a two-terminal spin transport setup very
similar to the devices studied in, e.g., Refs. 12 and 28. The
setup of interest is shown in Fig. 5. The magnons are injected
injector detectormetal bath
phonon bath
d
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FIG. 5. (color online) A possible device for measuring spin con-
ductivity. Magnons are injected into the ferromagnet by the injector
metal via spin Hall effect in the metal, and magnon conductivity is
quantified by electrically measuring the magnon density underneath
the detector metal. The central metal bath is thermalized at temper-
ature TF and may possess a spin-Hall generated nonequilibrium spin
accumulation µs that can pump spin into the ferromagnetic region di-
rectly underneath it. The entire ferromagnet is coupled to a phonon
bath at temperature TB. The three ferromagnetic regions in between
the injector and detector metals can be modeled as three resistances
in series, as shown at the bottom of the figure.
at the injector metal via the spin Hall effect in the metal, and
the magnon conductivity is quantified by electrically measur-
ing the magnon density underneath the detector metal. The
central metal bath is thermalized at temperature TF and the
nonequilibrium spin accumulation µs generated via the spin
Hall effect in the metal can inject spin current into the region
of the ferromagnet directly beneath the metal. The entire fer-
romagnet is coupled to a phonon bath at temperature TB.
Following Ref. 12, we characterize the region in the fer-
romagnet in between the injector and detector metals (with
length 2d+w) using a series resistor model (see Fig. 5). Given
that the ferromagnetic cross-sectional area is A and that the
conductivities in the three regions from left to right are σ′, σ0
and σ′, respectively, the total spin resistance R = 1/G of the
region should be given by
R =
1
G
=
2d
σ′A
+
w
σ0A
≡ 2R′ + R0 .
The spin conductivity σ′ for the region outside of the central
region (beneath the metal bath) can be obtained from σ0 com-
puted in Sec. IV by setting αF = 0, i.e.,
1
R′
=
σ0A
d
∣∣∣∣∣
αF=0
.
The first set of experiments can be performed in the absence
of electrical pumping, i.e., µs = 0, maintaining the tempera-
tures of the two baths equal, i.e., TF = TB = T , and sweeping
T . If the external field is fixed at some value with µ0 = ~γB −
S K0 > 0, the gradual increasing of T from small (T  µ0/kB)
to large [T  Tmax ≡ max{(αBµ0/αc)2/3, (αFµ0/αc)2/3}]
values will then allow one to probe the finite temperature
crossover behavior of the spin conductivity. The expected
crossover behavior is shown in Fig. 6. At small temperatures
T  µ0/kB (regime I), the spin conductivities σ′, σ0 both
scale as T 3/2e−µ0/kBT [see Eq. (22)] as shown by the blue line in
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FIG. 6. (color online) The total spin conductance for the magnon gas
located in between the injector and detector metals for a fixed mag-
netic field µ0 and for µs = 0. We assume here that TB = TF ≡ T .
The conductance traverses through three regimes as the bath tem-
perature T increased from the low temperature regime T  µ0/kB
(regime I), through the intermediate regime µ0/kB  T  Tmin
(regime II), and finally to the high temperature regime T  Tmax
(regime III). Here, Tmin ≡ min{(αBµ0/αc)2/3, (αFµ0/αc)2/3} and
Tmax ≡ max{(αBµ0/αc)2/3, (αFµ0/αc)2/3}.
Fig. 6. As the temperature increases into the intermediate and
high temperature regimes (see regimes II and III in Fig. 6), the
spin conductivities (and hence the spin conductance) exhibit
power law behavior. In the intermediate temperature regime
µ0/kB  T  Tmin ≡ min{(αBµ0/αc)2/3, (αFµ0/αc)2/3}, σ′
and σ0 both scale linearly in T , while the behavior crosses
over to T 1/4 in the high temperature regime T  Tmax.
We now include the effect of the electrical pumping µs.
Here, we fix both bath temperatures to T , fix the external
magnetic field as well such that µ0 is constant, but sweep the
nonequilibrium spin accumulation µs toward µcs. The spin re-
sistance outside of the spin injection region is then fixed to a
value R′ that is independent of µs, but 1/R0 = σ0A /w ex-
hibits a diverging behavior as already shown in Sec. IV B.
We plot the spin resistance R (in units of R′) as a func-
tion of µs in Fig. 7 for d = w and for various ratios of
µ/kBT = 0.01, 0.1, 1, 10. We find that as µs approaches the
critical value, the resistance in the central region (beneath the
metal bath) goes to zero and so the total resistance converges
from above to 2R′. Evidently, the expected square root rise
of the curves for µs . µcs is most apparent at relative high
temperatures, e.g., µ/kBT ∼ 0.01. Here, we have chosen
αB = αF = 0.01. The y-intercepts of all the curves gener-
ally move up (down) when αF is increased above (decreased
below) αB; while the intercepts shift, the qualitative shapes of
the curves do not change even when αF deviates from αB.
VI. CONCLUSION
We present a microscopic theory based on the Keldysh path
integral formalism to study a magnon gas in contact with a
phonon bath and a metallic bath capable of dc electrical spin
injection. For mismatched bath temperatures and/or finite dc
µs/µ
c
s
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FIG. 7. Spin resistance R as a function of electrical pumping µs for
various values of µ/kBT , where TB = TF ≡ T . Here, R is plotted in
units of R′ and we have used αB = αF = 0.01 and d = w.
electrical pumping, the magnon system converges to a non-
thermal steady state in which the distribution function is given
by a nontrivial superposition of the bath distribution functions.
Focusing exclusively on the normal (uncondensed) phase, we
analyze the finite temperature crossover behavior of the cor-
relation length associated with the superfluid order parameter
fluctuations as a function of both the phonon and metallic bath
temperatures, and find that while the correlation length is es-
sentially defined by the nonthermal control parameter (i.e., the
external magnetic field) at low bath temperatures, any one of
the bath temperatures can cut off the correlation length when
it is raised to a sufficiently high value. Motivated by recent
spin transport measurements on a magnon gas close to BEC
instability,12 we compute the linear spin conductivity for arbi-
trary bath temperatures and electrical pumping strengths, and
show that the finite temperature crossover behavior in the cor-
relation length directly leads to nontrivial dependences of the
spin conductivity on the bath temperatures. In the presence of
pumping, we find an inverse square-root divergence in the spin
conductivity as the pumping strength approaches the threshold
value for BEC instability. Two-terminal spin transport setups
capable of verifying our predictions are presented.
Recently, the stability criteria for a magnon gas in contact
with a metallic bath and in the presence of electrical spin cur-
rent injection were studied using the Keldysh path integral
formalism.17 While the microscopic Keldysh formulation was
applied to the normal phase in both Ref. 17 and here, extend-
ing this approach for spin transport analysis in the condensed
phase is an interesting future direction. Furthermore, a full
microscopic derivation of the nonlinear dynamics involving
both the condensate and the thermal cloud in an electrically
pumped magnon system (e.g., as studied in Ref. 11) using the
Keldysh formulation is also an interesting open problem.
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Appendix A: Quartic vertices generated by the metal baths
In this appendix, we compute the corrections to the quartic
coefficients arising from integrating out the fermionic degrees
of freedom. At fourth order in ηi, we obtain the following
correction to the quartic terms in SF [i.e., the last two terms
in Eq. (4)]
ιSm(4)i = −
|ηi|4
8
∑
{ki}
∫
dω
2pi
∫
dω′
2pi
∫
dω′′
2pi
∫
dω′′′
2pi
× Tr
[
gˆk1↑(ω + ω
′ + ω′′′ − ω′′)Aˆi(ω)gˆk2↓(ω′ + ω′′′ − ω′′)
× Aˆ∗i (ω′′)gˆ↑(ω′ + ω′′′)Aˆi(ω′)gˆk3↓(ω′′′)Aˆ∗i (ω + ω′ − ω′′)
]
,
where
gˆkσ(ω) =
 gRkσ(ω) gKkσ(ω)
0 gAkσ(ω)
 , Aˆi(ω) =  aci (ω) aqi (ω)
aqi (ω) a
c
i (ω)
 .
Since we expect the energies of the magnons to be much
smaller than the Fermi energy, we approximate the above ex-
pression by setting ω′ = ω′′ = ω = 0 in the arguments for the
fermionic Green functions, and obtain
ιSm(4)i = −
|ηi|4
8
∫
dt
∑
{ki}
∫
dω
2pi
× Tr
[
gˆk1↑(ω)Aˆi(t)gˆk2↓(ω)Aˆ
∗
i (t)gˆk3↑(ω)Aˆi(t)gˆk4↓(ω)Aˆ
∗
i (t)
]
.
For the retarded and advanced components, we have
∑
k =
(ω−εk/~±ιδ)−1 ≈ −ιpi~ρ0, where we assume that the real parts
give zero. Then performing the ω-integral, the fermions gen-
erate the following eight quartic terms in the effective magnon
action
ιSm(4)i = −ι
(
αFi
)2 ∫
dt
[
u1ia∗ci a
∗c
i a
c
ia
q
i − u1ia∗ci a∗qi aciaci
+ u2ia
∗q
i a
∗q
i a
c
ia
q
i − u2ia∗ci a∗qi aqi aqi + u3ia∗ci a∗ci aqi aqi
+ u3ia
∗q
i a
∗q
i a
c
ia
c
i + u4ia
∗c
i a
∗q
i a
c
ia
q
i + u5ia
∗q
i a
∗q
i a
q
i a
q
i
]
, (A1)
where
u1i = piι
kBTF
~
µs
kBTF
u2i = piι
kBTF
~
5 µskBTF + 3
µs
kBTF
cosh
(
µs
kBTF
)
− 8 sinh
(
µs
kBTF
)
cosh
(
µs
kBTF
)
− 1
u3i = piι
kBTF
~
[
2 − µs
kBTF
coth
(
µs
2kBTF
)]
u4i = −4piιkBTF
~
[
1 − µs
kBTF
coth
(
µs
2kBTF
)]
u5i = −piιkBTF
~
coth
(
µs
2kBTF
)
csch2
(
µs
2kBTF
)
×
[
3
µs
kBTF
+
µs
kBTF
cosh
(
µs
kBTF
)
− 4 sinh
(
µs
kBTF
)]
.
While the first 4 terms in Eq. (A1) renormalize the existing
vertices in Eq. (4), the remaining terms are new quartic ver-
tices are introduced by integration over the metallic bath.
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